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Abstract-In this paper, the effects of the observation frame on momentum transport and energy 
transfer in gases are considered. A numerical method of direct simulation is adopted for evaluating 
the shear stress distribution and the heat flux in the fluid-dynamic field between two rotating walls 
in a range of Knudsen numbers from free molecular flow to compressible continuum. The numerical 
solutions are compared with the analytical results where existing. It is shown that the effects of the 
reference frame increase either with the gas rarefaction or with the angular speed of the frame. With 
respect to the theoretical debate on the material frame indifference of the transport characteristics 
in a gaseous continuum, the simulations confirm that the frame dependence vanishes (below the 
numerical error) as the Knudsen number tends to zero. @ 2002 Elsevier Science Ltd. All rights 
reserved. 
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1. INTRODUCTION 
In this paper, we adopt the direct simulation as a means for evaluating the dependence on the 
reference frame of the shear stress and the heat flux in a gas between two rotating walls. 
The dependence of the molecular transport characteristics on the observation frame was con- 
sidered in a rather old paper by Muller [l], following an analysis of the classic Boltzmann equation 
for a dilute gas. Almost at the same time, Edelen [2] paid attention to the limit situation of an 
incompressible continuum gas and predicted that a similar conclusion might also hold in this 
case. An attempt to prove rigorously the existence of this last effect was suggested by Truesdell 
and was later made by Wang [3], w h o concluded his article by affirming that a really rigorous 
proof was still missing. A very detailed review of the debated problem was then presented in the 
middle of the 1980s by Woods (41 with new contributions on the question of whether the frame 
indifference of the transport phenomena is just matter of scientific epistemological convenience 
or is a consequence of the physics fundamentals. 
In much more recent times, Kremer and Sharipov [5-71 revisited the problem and made ref- 
erence to Muller’s work to prove the influence of the reference frame on the heat flux and the 
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shear stress in rarefied gases between two concentric rotating cylinders. In their approach, either 
Shakov’s S-model ]8] or a BGK model equation was considered to represent the molecular kinet- 
ics. In the case of the S-model [5], it provides the correct value of the Prandtl number and leads 
to an easy proof of the H-theorem. A linearized form of that equation in a weak nonequilibrium 
situation was solved by the discrete velocity method. The BGK model equation was solved by 
a finite difference method. The collision frequency between the molecules was chosen so as the 
correct expression of the shear viscosity was obtained in the continuum medium limit. Within 
the limits of the adopted S- and BGK-models and of the numerical accuracy of the solution 
procedures, the results have shown that the transport phenomena do not depend anymore on the 
angular velocity R of the observer as the Knudsen number Kn of the gas in the annular gap goes 
to zero. 
In the wake of [5&j, Biscari and Cercignani 191 reconsidered the BGK model via a power series 
expansion to any order for small Mach numbers to evaluate the shear stress tensor and the heat 
flux vector in a rotating enclosure in situations of sufficiently high rarefaction and low Mach 
numbers. 
While the present paper was completed, a new article by Sharipov et al. [lo] considered the 
subject of the frame dependence of the transport phenomena. The S-model was adopted to deal 
with the problems of condensation and evaporation on the surfaces of two concentric cylinders. 
Among the observations of [lo], the authors affirm that “there is no doubt that the transport 
equations in noninertial frames are different from those in inertial frames.” 
On the contrary, ?Voods [ll] is positive in concluding that the so-called frame dependence as 
observed by solving the Boltzmann equation is a consequence of the inaccuracy of the Boltzmann’s 
model when dealing with nonequilibrium phenomena. 
A direct simulation, based on a Monte Carlo procedure (DSMC), has proved to be a powerful 
t,ool when dealing with a great variety of fluid-dynamic situations, in particular, when rarefaction 
effects are considered, and in most cases, it provides an immediate feeling of the physical aspects 
of the problems. At the present moment, one of the main limitations of the DSMC is associated 
to the computer’s power and sizes, especially when problems concerning a high density medium 
are investigated. On the other hand, and in particular with respect to the problem which is 
dealt with here, one of the main assets of the DSRIC is that by necessity, the motion and the 
collisions among the molecules are referred to an inertial frame. Therefore, this frame makes 
the DShIC experiment absolutely not dependent on any particular theoretical model as the 
Boltzmann equation or its Navier Stokes and Burnett approximations on the continuum side, 
and as the BGK and S model on the rarefied, but rather and only on Newton’s principle and the 
collision laws. In addition, one should recall that the results of the Monte Carlo method lead to 
the solution of the Boltzmamr equation as the number of the representative particles and ceils 
tends to infinity [12]. Furthermore, in the present circumstance, we put no limitations to the 
flow regimes which span from the free molecular to the continuum case without ad hoc either 
linearizing or simplifying assumptions. The code adopted here for our numerical experiment 
follows the guidelines of the program which was described in [12] and was developed from [13]. 
The considered geometrical configuration in a polar axes plane (R, a) corresponds to two circular 
concentric cylinders of radii Ri and Rzr respectively. The walls rotate at angular speeds Rr 
and Qt:! while keeping the difference AQ = QI - 522 constant. The continuunl flow and the free 
molecular flow correspond to the limit values Kn = 0 and Kn ---) co? respectively, of the Knudsen 
number Kn = Xc/AR, where the mean free path Xc is evaluated with reference to the number 
density 7x0 of the fluid at rest and AR = R2 - Rr. As already said, according to the Navier- 
Stokes incompressible model. which represents a hydrodynamic limit in the Chapman-Enskog 
expansion of the Boltzmann equation [14], no effects of the rotating frame are present in the 
shear stress T* and heat flux q” distributions which depend on the difference AR only. In the 
free molecular flow regime. the existing analytic solution to this one-dimensional problem predicts 
inst,ead a nonzero influence of the reference frame. U’e do not recall here the main foundations of 
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the DSMC procedure and how macroscopic parameters as density, velocity, and temperature are 
evaluated. For the sake of understanding, we cite from the molecular dynamics the definitions of 
the tangential stress tensor 7,; and of the heat flux qf , 
7*; = -nt s ffv, - v;)(V; - v;) dv*, 
q; = ; I f(V,* - u;)(V* - v*)‘dv*, 
where nz is the mass of a molecule, v* its velocity, V* the mean velocity, with i # j in the shear 
stress expression and f is the velocity distribution function. 
Our calculations were carried out for Kn in the range (10e3, 1) and evidence was found of the 
increasing influence of Rr on T* and q*, while A0 is kept constant as Kn increases. As Kn + 0, 
this influence vanishes within the limits of the computational errors. The fluid considered in all 
computations is Argon? whose molecular properties including the collision cross section are taken 
into account according to the expression given in [Id]. 
Let the subscripts 1 = 1,2 refer to the internal and to the external cylinder, respectively. Let c 
be the thermal speed of the molecules at the temperature of the external wall. Then T* was 
made dimensionless with respect to c2po, where pa is the mass density of the fluid at rest, and q’ 
WRS made dimensionless with respect to c3/2pa. Furthermore, WI = QR2/'c. 
In the DSMC! method, the dimensionless shear stress and heat flux components are calculated 
according to the formulae 
Tij = -P(Vi - V;)(Vj - Uj), 
qi = ; (I,( - Z$)(V - +, 
where the velocities V and v and the density p are nondimensional with respect to c and pa, 
respectively. After comparin, s the results of the program with already existing solutions, the 
direct simulations were carried out for a parametric evaluation of T and q as functions of Kn 
and @ = Tp,fTl, for r = Rs/Rl = 2. Finally, in the presentation of the results, the dimensionless 
coordinate T = (R - R,)/(Rp -R ) 1 is adopted for an easy reading. 
2. THE DIRECT SIMULATION AND RESULTS 
Estimates of the errors associated to the adopted cell sizes Al and time steps At, in the 
calculations of the transport coefficients by DSMC, have received increasing attention in the 
last few years. We cite in the list of references some of the most recent ones [15-171, where an 
extensive description of the state of the art is also presented. In our c~culations, the cell sizes 
and the time steps were chosen according to the accuracy criteria as given in [15,17], i.e., for 
truncation errors below At2 and A12. Moreover, for the present work, where macroscopic flow 
characteristics are computed, a convergence measure was first established of the form 
where N, is the number of cells, the superscript nz stays for the current computational step, and @ 
is any one of the macroscopic quantities of interest. The DSMC code was initialfy applied to 
different cases where the same physical situation was dealt with but the numbers of representative 
particles, cells, and steps were changed. In so doing, the conditions were estimated for obtaining 
a prescribed value of the convergence measure and for an accurate spatial description of the flow 
field quantities. 
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Figure 1. Convergence characteristics of V, (left) and 7 (right) as functions of the 
number of steps N and the number of total representative particles nP. for a number 
of cells NC = 100. (1) nP = 1000, (2) nP = 10000, (3) nP = 100000. Kn = 1.7, B = 1, 
r = 2, Wl = 1.5, w2 = 0.5. 
Figures la and lb show the influence of the number of representative particles n,, on e+, for 
both the tangential component V, of the velocity V = (V,, V,), and the shear stress 7 = ~~~ vs. 
the number of computational steps N. Note that, following our computations, cv,, and E,. differ 
by an order of magnitude at equal np, IV,, and N, with E, > ev,. 
In all the subsequent calculations, the cases were run by imposing ev,, I 10-s, with nP = lo”, 
At = 2.5 10-s and I?, = 102, which corresponds to Al = lo-*. 
A first validation of our program was already partially carried out in [f3] by comparisons 
with the results obtained in two very distant physical situations, namely, a continuum case, the 
cylindrical compressible Couette flow, and the free molecular flow. In particular, in [13], the 
analysis was carried out by comparisons based on the velocity profiles. 
For this work, we further compared our results relative to the shear stress and heat flux values 
with those obtained in [6,7] for the BGK model of the Boltzmann equation in a range from the 
free molecular to the transitional regime. We will be back to this point later. 
Let us then evaluate the influence of w2 and Kn on T and qr at a fixed Aw. As known, the 
second component qa of the heat flux in the (r, Q) plane is also influenced by the rotating frame 
reference for a nonvanishin~ value of Kn [S]. However, its calculation was not carried out since 
the numerical value of qa can be shown to be only a fraction of qr. 
We begin with Figures 2a and 2b by presenting the dimensionless shear stress profiles versus T 
for two values of Kn and two values of w2 at fixed r, Aw, 8. Figure 2 and the following Figure 3, 
which is relative to the heat flux profiles, allow us to verify the momentum and heat conservation 
since r27 = const. and later rq = const. The values of Kn were chosen so that our results could be 
compared with those obtained for r = 0.5 in [6,7]. They correspond to two very distant regimes; 
the first one of them (Case a) is an almost free molecular flow, and the other one falls in the 
transition regime. Dramatic changes due to the observation frame are present in the former case; 
negligible effects appear in the second situation. 
The values of T in the middle of the gap, as given in [7], fall on the calculated curves with 
negligible errors. In particular, Case b corresponds to the minimum value of Kn for which the 
solution is given in 171. 
As said, Figures 3a and 3b show the radial heat flux component in two cases for which the 
solutions appear in [6]. Note that, again, the represented situations correspond to very distant 
flow regimes. The set of parameters to which Figures 3a and 3b refer is not the same as of 
Figures 2a and 2b since either the Aw and w2 values or the values of B are different. In particular, 
the cylinders are either both at rest or both rotate at the same angular speed, whereas their 
temperatures are different. The differences between our solutions and those of [G] are also in this 
wase very small although increasing for decreasing Kn. 
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Figure 2. Shear stress profiles for Ati = -1, B = 1, f = 2. (1) w;? = -0.5, (2) kQ = 1. 
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Figure 3. Heat transfer profiles for Ati = 0, B = 2, P = 2. (1) w2 = 0, (2) w2 = 1. 
l values from IS]. 
Also note that Case 1 in Figures 3a and 3b is relative to a steady “inertial” situation of heat 
transfer between the walls. In the absence of friction, the qr values are smaller than in Case 2. 
Finally, we report in Table 1 our calculated values of r and qT. at the middle of the gap as 
functions of Kn-’ for the two walls at the same temperature. The values of Kn are in the 
range (10e3-1) and the numbers show that, within the limits of the computational errors, the 
dependence on the reference frame vanishes as Kn --) 0. 
Table 1. Shear stress and heat Rux at r = 0.5 for @ = 1, f = 2, AU = -1. 
3. CONCLUSIONS 
In this paper, we adopted a direct simulation procedure based on a Monte Carlo method 
to evaluate the dependence of the molecular transport characteristics on the reference frame. 
In particular, the gas flow field between two concentric rotating cylinders was considered and 
the shear stress and the heat flux were calculated for various flow regimes in a wide range of 
Knudsen number from the continuum to the free molecular flow. The validity and effectiveness 
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of the numerical program were initially compared against the limited number of results which 
are present in the pertinent literature and concern peculiar kinetic models under simplifying 
assumptions. 
After assuming a convergence criterion for the computations, the simulations provide solutions, 
the accuracy of which depends only upon the numerical errors and upon assuming elastic molecu- 
lar collisions and does not depend on any kinetic model formulation or phenomenological relation 
for the transport coefficients. In particular, we have shown the rarefaction effects at increas- 
ing Kn, in terms of noticeable variations of the shear stress and heat flux as the angular speed 
of one of the cylinders changes, although the difference between the angular speeds of the two 
surfaces is kept constant. The numerical experiment demonstrated that, as the Knudsen number 
decreases to zero, the influence of a noninertial reference frame is not appreciable anymore, as 
postulated at the beginning of the theoretical debate. 
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